Abstract. Let R be an associative ring with an identity and suppose that a, b, c, d ∈ R satisfy bdb = bac, dbd = acd.
Introduction
Let R be an associative ring with an identity. The commutant of a ∈ R is defined by comm(a) = {x ∈ R | xa = ax}. The double commutant of a ∈ R is defined by comm 2 (a) = {x ∈ R | xy = yx for all y ∈ comm(a)}.
An element a ∈ R has Drazin inverse in case there exists b ∈ R such that
The preceding b is unique if exists, we denote it by a D . Let a, b ∈ R. Then ab has Drazin inverse if and only if ba has Drazin inverse and (ba) D = b((ab) D ) 2 a. This was known as Cline's formula for Drazin inverse. Cline's formula plays an elementary role in matrix and operator theory (see [1, 2, 5, 7, 8, 9, 12, 13, 15, 16, 17] ).
An element a ∈ R has g-Drazin inverse (i.e., generalized Drazin inverse) in case there exists b ∈ R such that b = bab, b ∈ comm 2 (a), a − a 2 b ∈ R qnil .
The preceding b is unique if exists, we denote it by a d . Here, R qnil = {a ∈ R | 1 + ax ∈ R inv for every x ∈ comm(a)}. For a Banach algebra A it is well known that a ∈ A qnil ⇔ lim n→∞ a n 1 n = 0 ⇔ λ − a ∈ A inv for any scarlar λ = 0.
Many papers discussed Cline's formula for g-Drazin inverse in the setting of matrices, operators, elements of Banach algebras or rings. For any a, b ∈ R, Liao et al. proved that ab has g-Drazin inverse if and only if ba has g-Drazin inverse and (ba) The motivation of this paper is to investigate whether Cline's formula holds under the preceding Mosic's condition. In Section 2, we proved that if ac has g-Drazin inverse then bd has g-Drazin inverse under the condition bdb = bac, dbd = acd.
Recall that an element a in a ring R has pseudo Drazin (i.e., p-Drazin inverse) provided that there exists b ∈ R such that
The preceding b is unique if exists, we denote it by a † . The smallest k for which the preceding holds is called the pDrazin index of a and denote it by i(a). The p-Drazin inverse is an intermediary between the Drazin and generalized Drazin inverses. In Section 3, as consequences of our main result, we investigate the corresponding Cline's formula for p-Drazin and Drazin inverses.
In Section 4, as applications of our main result, we determine the common spectral properties of bounded linear operators over Banach spaces.
Throughout the paper, all rings are associative with an identity. We use R inv , R nil and R rad to denote the set of all units, the set of all nilpotents and the Jacobson radical of the ring R, respectively. R D and R d denote the sets of all Drazin and g-Drazin invertible elements in R. C stands for the field of all complex numbers.
generalized Cline's Formula
For any elements a, b in a ring R, it is well known that ab ∈ R qnil if and only if ba ∈ R qnil (see [7, Lemma 2.2] ). We now generalized this fact as follows.
Lemma 2.1. Let R be a ring, and let a, b, c, d
Proof. Let x ∈ comm(bd). Then we have
Hence dx 3 bac ∈ comm(ac), and so 1 − (dx 3 bac)ac ∈ R inv . By using Jacobson's Lemma, 1 −
We come now to the main result of this paper.
Theorem 2.2. Let R be a ring, and let a, b, c, d
Proof. Suppose that ac has g-Drazin inverse and (ac)
Thus dtbac ∈ comm(ac), and so (dtbac)h = h(dtbac). Therefore we have
Hence e ∈ comm 2 (bd). Since bd ∈ comm(bd), by the preceding discussion, we have dbdbac ∈ comm(ac), and then
This implies that (db) 3 h = h(db) 3 , and so
One easily checks that
Moreover, we check that
Then by Lemma 2.1, b(pd) ∈ R qnil . Hence bd has g-Drazin inverse e. That is, e = bh 2 a = (bd) d , as desired.
In the case that c = b and d = a, we recover the Cline's formula for g-Drazin inverse. 
The following examples show that the preceding theorem is independent from [ 
Then we check that
In this case, ac ∈ R D .
Example 2.5.
p-Drazin inverses
In this section, we investigate the Cline's formula for the p-Drazin inverse. The following lemma is crucial. Lemma 3.1. Let R be a ring, and let a ∈ R. If a ∈ R † , then a ∈ R d and a † = a d .
Proof. By hypothesis, there exists
. Therefore a has g-Drazin inverse b. In light of [6, Lemma 2.4], b is unique, and so b = a † , as required.
Theorem 3.2. Let R be a ring, and let a, b, c, d
Proof. Suppose that ac ∈ R † . By virtue of Lemma 3.1, (ac)
for all k ∈ N. Therefore (bd) m − (bd) m+1 (bd) † ∈ R rad for some m ∈ N, and so bd ∈ R † . Moreover, (bd)
Corollary 3.3. Let R be a ring, and let a, b ∈ R. If ab ∈ R † , then ba ∈ R † and (ba)
Proof. This is obvious by choosing c = b and d = a in Theorem 3.2.
Theorem 3.4. Let R be a ring, and let a, b, c, d
Recall that a ∈ R has group inverse if a has Drazin inverse with index 1, and we denote the group inverse of a by a # . We now derive Corollary 3.5. Let R be a ring, and let a, b, c, d ∈ R satisfying bdb = bac, dbd = acd. If ac has group inverse, then
(1) bd ∈ R inv ; or (2) bd has group inverse and (bd)
Proof. Since ac has group inverse, it follows by Theorem 3.4 that i(bd) ≤ 2. Hence, i(bd) = 0, 1, 2. This completes the proof.
Example 3.6.
Let R = M 2 (Z) be the ring of all 2 × 2 integer matrices. Choose
Then bdb = bac, dbd = acd. In this case, ac = 0 has group inverse, but bd = 0 2 0 0 has no group inverse in R.
Applications
Let X be Banach space, and let L(X) denote the set of all bounded linear operators from Banach space to itself, and let a ∈ L(X). The Drazin spectrum σ D (a) and g-Drazin spectrum
The goal of this section is concern on common spectrum properties of L(X). We now record the generalized Jacobson's Lemma as follows. Lemma 4.1. ( [10] ) Let R be a ring, and let a, b, c, d
We now ready to prove the following.
For λ n = 0, it follows by Lemma 4.1 that I − (
Proof. This is obvious by choosing C = B and D = A in Theorem 4.2.
For the Drazin spectrum σ D (a), we now derive
Proof. A bounded linear operator T ∈ L(X) is Fredholm operator if dimN(T ) and codimR(T ) are finite, where N(T ) and R(T ) are the null space and the range of T respectively. If furthermore the Fredholm index ind(T ) = 0, then T is said to be Weyl operator. For each nonnegative integer n define T |n| to be the restriction of T to R(T n ). If for some n, R(T n ) is closed and T |n| is a Fredholm operator then T is called a B-Fredholm operator. T is said to be a B-Weyl operator if T |n| is a Fredholm operator of index zero (see [1] ). The B-Fredholm and B-Weyl spectrums of T are defined by σ BF (T ) = {λ ∈ C | T − λI is not a B − Fredholm operator}; σ BW (T ) = {λ ∈ C | T − λI is not a B − Weyl operator}. 
